HOMEOMORPHISMS GENERATED FROM OVERLAPPING 
AFFINE ITERATED FUNCTION SYSTEMS 

MICHAEL F. BARNSLEY, BRENDAN HARDING, AND ANDREW VINCE 

Abstract. We develop the theory of fractal homeomorphism generated from 
pairs overlapping affine iterated function systems. 



1. Introduction 

We consider a pair of dynamical systems, W : [0, 1] ^ [0, 1] and L : [0, 1] [0, 1], 
as illustrated in Figure [1] W is differentiable on both [0,p] and {p, 1], with slope 
greater than 1/A > 1, and L is piecewise linear with slope I/7 > 1. If h{W) = — In 
7 is the topological entropy of W then there is p G (0,1) such that the two systems 
are topologically conjugate, i.e. there is a homeomorphism H : [0, 1] [0, 1] such 
that W — HLH~^. This follows from Theorem 1]. It can also be deduced from 
[TT] . What is not known, prior to this work, is the explicit relationship between W , 
on the left in Figure [1] and the parameters p and 7 that uniquely define L, on the 
right in Figure [T] 

In this paper we prove constructively the existence of L and establish analytic 
expressions, that use only two itineraries of W , from which both topological invari- 
ants 7 and p can be deduced. We also provide a direct construction for the graph 
of H. While 7 has been much studied, the parameter p is also of interest because 




O 1-b p a I X O 1-y p y 1 x 



Figure 1. Theorem [T] provides a conditions under which the two 
systems illustrated here are topologically conjugate. Theorem [2] 
provides a geometrical characterization of the conjugacy. 
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it measures the asymmetry of the set of itineraries of W. Indeed, one motivation is 
our desire to estabhsh, and to be able to compute, fractal homeomorphisms between 
attractors of various overlapping iterated function systems, as explained in Section 
I2.3[ for applications such as those in [2 . Our approach is of a constructive character, 
similar to that in [10 , but founded in the theory of overlapping iterated function 
systems and associated families of discontinuous dynamical systems. We make use 
of an analogue of the kneading determinant of ^10) , appropriate for discontinuous 
interval maps, and thereby avoid measure-theoretic existential demonstrations such 
as those in [TTl [S] . 

Let I = {0, 1} and I°° = {0, 1} x {0, 1} x ... with the product topology. Each 
point X G [0, 1] has a unique itinerary t{x) G /, where the fc*'' component of t{x), 
denoted by T{x)k, equals or 1 according as W''{x) G [0,p], or (p, 1], respectively, 
for all k €N. Corresponding to each x G [0,1) we associate an analytic function 

oo 

t{x){0 := (1 - C)Y,T{x)kC', C e C, Id < 1. 

k=0 

Our first main result specifies the invariants p and 7 in terms of two of these 
functions, and describes the homeomorphism H . 

Theorem 1. The topological entropy ofW is — In 7 where 7 is the unique solution 
of 

(1.1) r(p)(7) =t(p+)(7), wtthripK^) < r(p+)(0 for^e [0.5,7), 
and 

p = t(p)(7). 

Moreover, 

H{x) = T{x){"f), for all x G [0, 1), and H{1) = 1. 

Here T(p+) = lim rip + \e\). Our second main result provides a geometrical 
construction of the homeomophism H. Let 

□ = {(x, y) G : < x < 1, < y < 1}, 
and let EI denote the nonempty compact subsets of □ with the Hausdorff topology. 
Theorem 2. If gr{H) is the graph of H then 

gr{H) = n r'^{U) = lim r^ {U) 
ken 

where 

r : e ^ H 95 Fq{S n P) U Fi(S' n Q), 
Fo : □^□9(x,y) ^ (7x,Wo-i(y)),Fi ■.U^U3{x,y) ^ (72; + 1 - 7, M^f ^(y)), 
P = {{x,y) : X <p/-i,y <Wa{p)}, Q ^ {{x,y) : X >p/-i + I - l/-i,y >Wi(p)}. 

The expression gr{H) = f] r'°(n) = limfc^oo r''{\I\) is a localized version of the 

feeN 

expression A — lim/j^co J^''{0) for the attractor A of a hyperbolic iterated function 
system on □. 

This paper is, in part, a continuation of [1]. In [I] we analyse in some detail 
the topology and structure of the address space/set of itineraries associated with 
W and W+. In this paper we recall and use key results from [T]; but here the 
point of view is that of masked iterated function systems, whereas in [T] the point 
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of view is classical symbolic dynamics. The novel innovation in this paper is the 
introduction and exploitation of the family of analytic functions in equation (jl.ip , 
yielding Theorem [T] 

** Special case : the affine case; implicit function theorem gives the dependence 
of p on a,b,and rho. 

** Outline of sections and their contents, with focus on how the proofs work. 
** Comments on related work by Konstantin Igudesman [UIH]. 

2. Background and Notation 

2.1. Iterated functions systems, their attractors, coding maps, sections 
and address spaces. Let X be a complete metric space. Let fi : X — >X (i = 0, 1) 
be contraction mappings. Let H = H(X) be the nonempty compact subsets of 
X. Endow H with the Hausdorff metric. We use the same symbol for the 
hyperbolic iterated function system (X; /o, /i), for the set of maps {/o, /i}, and for 
the contraction mapping 

J^:M~^M,S^fo{S)Ufi{S). 

Let A G H be the fixed point of J'. We refer to A as the attractor of T. 

Let I = {0, 1} and let /°° = {0, 1} x {0, 1} x ... have the product topology induced 
from the discrete topology on /. For a G I°° we write a = (7Qaia2 ■ ■ ■ , where ak £ I 
for all fc e N. The product topology on I°° is the same as the topology induced by 
the metric d{uj,(j) = 2~'^' where k is the least index such that ujk ^ Cfe- It is well 
known that {I°°,d) is a compact metric space. For a G I°° and n G N we write 
c|n — O'o0'i0'2---O'ri. Thc Coding map for J- is 

TT : ^ A, a ^ lim fa\Jx), 

where a; G X is fixed and fcr\^ (x) — f^g o o ... o [x). The map tt : /°° — A is 
a continuous surjection, independent of x. We refer to an element of t:^^{x) as an 
address of x G ^. A section for is a map t : A — > I°° such that t: o t — ^A^ the 
identity map on A. We also say that r is a section of tt. We refer to = t{A) as 
an address space for A (associated with !F) because f2 is a subset of I°° and it is in 
bijective correspondence with A. 

We write E to denote the closure of a set E. But we write = 000..., 1 = 
111... G I°° . For a = (ToO'icr2 . . . G I°° we write Oct to mean 0(ToO'iO'2 . . . G /°° and 
Icr = Oa-ocricr2 . . . G /°°. 

2.2. Order relation on code space, top sections and shift invariance. We 

define a total order relation < on and on /" for any nGN, bycr^wifcry^a; 
and (Tfc < ujk where k is the least index such that ak ^ tok- For cr, w G I°° with 
CT ^ cj we define 

[cr, io] -.^ I"^ : a < C < uj}, (a, uj) := {C, e 1°^ : <J < Q < 
{<T,Lo] := {C G : a C ^ K'^) {C ■ <y < C < ^} ■ 

It is helpful to note the following alternative characterization of the order relation 
< on Since the standard Cantor set C C [0, 1] C M is totally disconnected, and is 
the attractor of the iterated function system ([0, 1]; f{i{x) = a;/3, fi{x) = a;/3 + 2/3), 

oo 

the coding map nc ■ — ?> C, ct 2(7^/3'^+^, is a homeomorphism. The order 

relation ^ on I°° can equivalently be defined by u ^ a; if and only if ttc {cr) < ttc (w) . 
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The order relation -< on I°° can be used to define the corresponding top section 
Ttop : A I°° for T, according to 

Ttopix) = niax7r"^(a;). 

Top sections are discussed in [3]. Let fitop — Ttop{A) and let S : I°° — > denote 
the left-shift map (ToO'iO'2--- i— >■ (Ticr20'3.... We have 

S{^top) ^ ^top 

with equality when /i is injective, [31 Theorem 2]. 

We say that a section r is shift invariant when S{fl) = 51, and shift-forward 
invariant when S(fl) C 51. The examples considered later in this paper involve 
shift invariant sections. 

The branches of S^^ are Si : I°° I°° with Si{a) — ia [i = 0, 1). Both so and si 
are contractions with contractivity 1/2. I°° is the attractor of the iterated function 
system (/°°; Sq: si). We write 2^ to denote the set of all subsets of 

2.3. Masks, masked dynamical systems and masked sections. Sections are 
related to masks. A mask Ai for is a pair of sets, Mi C fi(A) {i — 0, 1), such 
that Mo U Ml = A and Mo n Mi = 0. If the maps /^U : A A {i ^ 0,1) are 
invertible, then we define a masked dynamical system for J- to be 

Wm-A^A, M, 3x^ f-\x), {i = 0, 1). 

It is proved in 2, Theorem 4.3] that, given a mask AA, if the maps fi\A '■ A A 
(i — 0, 1) are invertible, we can define a section for that we call a masked section 
tm for J^, by using itineraries of Wa4, as follows. Let x & A and let {x„}J^q be 
the orbit of x under Wm'i that is, = x and x„ = IVj^(xo) for n = 1, 2, .... Define 

(2.1) Tm{x) = (7(3^1^2.. ■ 

where (T„ S / is the unique symbol such that Xn G M^^iox all n S N. 

Sections defined using itineraries of masked dynamical systems are shift invari- 
ant. 

Proposition 1. Let the maps fi\A : A ^ A { i = 1,2) he invertible. 

(i) Any mask M. for J- defines a shift- forward invariant section, tm '■ A — )■ I°° , 
for T. 

(a) Let Q_\4 — Tj^(A). The following diagram commutes: 

A ^ A 

(Hi) Any section t : A ^ I°° for T defines a mask Air for F. 

(iv) If the section t in (Hi) is shift-forward invariant then t = ta^^. 

Proof, (i) Compare with [21 Theorem 4.3]. If the maps are invertible, we can use 
M to define an itinerary for each x € A, as in p.l|) . yielding a section tm for J^. By 
construction, tm is shift- forward invariant, (ii) We show that tj^Wm''^'^ = for 
all cr G ■ We have ttct is a point x ^ A that possesses address a e VIm ■ But Wm 
acts by applying f'^^ to x ^ f„^ of„^ o f„^_... yielding the point Wa^ttct = f^^of^^... 
which tells us that aia2<y3.. is an address of Wm''^'^- But since Sa G Jlx this 
address must be the unique address in fix of Wmt^<^- It follows that Wm^^^^ = 
cria2<T3.. — Sa. (iii) Given a section r : A — > I°° , we define a mask A4r by 
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Mi = {a; e A : t{x)q — — 1, 2). (iv) This is essentially the same as the proof of 
(ii). □ 

2.4. Fractal transformations. Let Q = {Y\gi^g2) be a hyperbolic iterated func- 
tion system, with attractor Ag and coding map 7rg. We refer to any mapping of 
the form 

Trg : A Ag, x T:g o t{x), 

where r is a section of as a fractal transformation. Later in this paper we 
construct and study fractal transformations associated with certain overlapping 
iterated function systems, such as those suggested by the left-hand panel in Figure 
[5] We will use part (iv) of the following result to establish Theorem [T] 

Proposition 2 ( [2]). Let t : A ^ I°° be a section for T and let il = t{A) be an 
address space the attractor A of T . 

(i) If Q is an address space for Q then Tj^g : A — > Ag is a bijection. 

(ii) If whenever a,uj d Q, 7r(cr) = '''(oj) => TTg{a) — Trg{uj), then Tj^g : A — > Ag 
is continuous. 

(Hi) If, whenever cr, £ fi, 7r((T) — 7r(a;) 7rg(cr) — TTg(uj), then Trg : A — > Ag 
is a homeomorphism. 

(iv) If T is a masked section of J- such that the condition in (Hi) holds then 
the corresponding pair of masked dynamical systems, Wm : A ^ A and, say, 
Wmq ■ ^ Ag are topologically conjugate. 

Here Wmq is defined in the obvious way, as follows. Since VL is an address space 
for the attractor Ag of Q and it is also shift-forward invariant -since it is a masked 
address space for J-- it defines a shift-forward invariant section Tg for Q, so by 
Proposition [Ijiii), it defines a mask M.g for Q such that Tg — tmq', we use this 
latter mask to define the masked dynamical system W^g ■ Ag — s- Ag. 

Proof, (i) follows at once from the fact that is a section for both T and G- (ii) 
and (iii) are proved in [2l Theorem 3.4]. (iv) is immediate, based on the definition 
of WOwg : Ag Ag. □ 

Remark 1. All of the results in Section\^ apply to any hyperbolic iterated function 
systems of the form J- = (X; /i, /2, /at) where N is an arbitrary finite positive 
integer. 

3. Overlapping iterated function systems of two monotone 
increasing interval maps 

3.1. General structure. Here we consider iterated function systems, related to W 
as introduced at the start of Section[l] that involve overlapping monotone increasing 
interval maps. We introduce two families of masks and characterize the associated 
sections and address spaces. 

Let X be [0, 1] C M with the Euchdean metric. Let < A < 1. Let 

(3.1) ^= ([0,1] cM;/o(x),/i(x)) 

where fi{i) — i,0 < fi{y) — fi{x) < X{y — x) for all x < y, {i = 0,1). Both maps are 
monotone strictly increasing contractions. We also require /o(l) = ci > 1 — 6 = /i(0) 
with < a,& < 1. See Figure H The attractor of T is A ^ [0,1] = /o([0,l]) U 
/i([0, 1]) and the coding map is tt : /°° [0, 1]. 
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Figure 2. Left: the graphs of two functions that comprise an 
iterated function system JF , as described in the text. Right: the 
graph of a masked dynamical system for T . 

We define a one parameter family of masks for T , 

{Mp :0<l-6<p<a<l}, 
by Mq = [0, p], Ml = (p, 1]. The corresponding masked dynamical system is 



as graphed in Figure [21 

The masked section for is r = r(p), and the masked code space is = 
The dependence on p is implicit except where we need to draw attention to it. For 
convenient reference we note that, for all x G [0, 1], 



For example t(0) = and r(l) = 1. 

We need to understand the structure of because we will use Proposition [5] to 
prove Theorcm[TJ Since f2 C /°° is totally disconnected and A — [0, 1] is connected, 
it follows that r : A — > il is not a homeomorphism and hence that ^ f2. (Note 
that if = 17 then r : A ^ 17 is a homeomorphism, 2, Theorem 3.2 (v)].) 

To help to describe 11 we introduce the mask = {-^^o^ — [07^)1-^:1^ 1]} 
for T. Let il+be the address space associated with the mask , and let t+ : 
[0, 1] — ?• 17+ be the corresponding section. The corresponding masked dynamical 
system W+ is obtained by replacing [0,/r?] by [0,/?) in p.2p . 

Proposition [3] is a summary of some results in |T], that concern the spaces 
17, 17+, 17 and the sections r and r"*". In particular, it describes the monotonicity of 
T and the subtle relationship between r and r"*" , and it provides a characterization 
of 17 in terms of two itineraries. 



(3.2) 
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Proposition 3 ([IJ). For all p G [1 — 6, a], 

(i) VL is closed from the left, is closed from the right, and 

Ti = Ti^ = n[jn+ = n n 

(a) 7r-i(x) nn= {t{x),t+{x)} for all x E [0,1]; 
(Hi) for all x,y Cz [0, 1] with x < y, 

t{x) ^ T+{x) ^ T{y) < T+{y); 

(iv) for all x G [0, 1], t{x) ^ t^{x) if only if x E W~^{p) for some /cG N; 

(v) t{W{x)) = S{t{x)) and t+{W+{x))^ = S{t+{x)) for all x G [0, 1]; 

(vi) s{n) = vt- s{n+) = n+; s(n) = H; 

(vii) let t{p) = a and T^{p) = P, 

n = {ael°° : S''{a) G [0, a] U (^,T] for all ke N}; 
fi+ = {(T G /°° : S''{a) G [0, a) U [;3,T] for all k<E N}; 
n = {ct G /°° : S''{a) G [0, a] U [/3,T] for all /cG N}. 

Proof. Proof of (i): This is [1] Proposition 2]. 

Proof of (ii): From ttie definition of the section r we have t{x) = tt~^{x) D ft. 
Similarly t^{x) — tt^^{x) n r2+. The result now follows at once from (i) 

Proof of (iii) and (iv): These are equivalent to [U section 2, (5) and (6)]. 

Proof of (v) and (vi): These are the content of [J Proposition 1]. 

Proof of (vii) : This follows from [1] Proposition 3] . □ 

Let ^ denote the set of all iterated function systems of the form of described 
above, at the start of Section [3TT] Let G 5, and let corresponding quantities be 
denoted by tildas. That is, let 

^=([0,1] cM;7o(a:),7i(x)) 

where fi{i) = i,0 < fi{y) — fi{x) < X{y — x) for aU x < y, {i ^ 0,1) where 
/o(l) =a> l-& = /i(0) withO < a,& < 1. Let TWp = {[0, p], (p, 1]} for p G [l-b,a\ 
be a family of masks for T, analogous to the masks A4p for J^, and let r and 
be the corresponding sections for analogous to the sections r and t+ for J-. Let 
W : [0, 1] — > [0, 1] denote the masked dynamical system for T corresponding to the 
mask Mp. 

Corollary 1. The following statements are equivalent: 

(i) the fractal transformation Tj^^ — tt o t : [0,1] — > [0,1] is an orientation 
preserving homeomorphism; 

(ii) t(p) = t{p) and T+(p) = T+{p); ^ 

(iii) the masked dynamical systems W : [0, 1] — [0, 1] and W : [0, 1] — [0, 1] are 
topologically conjugate under an orientation preserving homeomorphism. 

Proof. Proof that (iii)=^(ii): Let the homeomophism be H : [0, 1] — s> [0, 1], such that 
H{1) = 1, so that W = H^^WH . Both systems have the same set of itineraries 
and X — H{p) — p \s the location of the discontinuity of W . The two itineraries 
associated with the discontinuity must be the same for both systems, and in the 
same order, because the homeomorphism is order preserving. 

Proof that (ii)=>(iii): By Proposition |3] (vii) the closure of the address spaces 
for the two systems is the same, namely fi. We are going to use Proposition [2] 
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(iv), SO we need to check the condition in Proposition [2] (iii). Suppose that ct, w e 

and suppose that TT{a) — 7r(w). We need to show that TT{a) — tt{uj). Since by 
Proposition [2] n = nun+ we must have either a, uj € fl or a, uj E 17+ or, without 
loss of generahty, cr G and a; € ri+. If cr, w 6 fl then 7r((T) = t:{lu) imphes 
a = TOTT[a) = ro7r(w) = lu, so a = uj, whence 7r(cr) = 7f(w). Similarly, if ct, cj G 
then also TT{a) = 7f('^), but this time use r-f . 

Now suppose CT G il, a; G ri+, and 7r(cr) = 7t{uj). Then we have 7r(cr) = tt oT07r((T) 
and 7r(w) = 7roT+ oniuj) —noT-f- o7r(cr). Again, if tott^ct) — o7r(a;)(= t+ o7r(fT)) 
we have 7r(cr) = So we suppose r o 7r(cr) 7^ t+ o 7r(cij)(= r+ o 7r((T)). But by 

PropositionEl ro7r(cr) 7^ r+o7r(CT) ifr7r(cr)(= 7r(u;)) G W-''{p). But 7r(cr) G W-''{p) 
implies r o 7r(cr) — aoai...(7k-iT{p) for some sigmas and t+ o 7r(<T) = t+ o n(Lu) = 
(7o(^i...(Tk-iT+{p) whence tt{uj) = tt ot+ o7r(i:j) = faocri...ak_i o7roT+(p) and TT{a) = 
TT o T o 7r(a) — /cto<ti...(tj._i o tt o t(p); but by (ii) these latter two quantities are the 
same. Hence the condition in[2](iv) is satisfied. 

The other direction of the last part here is essentially the same, but swap the 
roles of tildas with non-tildas. 

Proof that (i) and (iii) are equivalent is similar to the above, again using Propo- 
sition H □ 

We conclude this section by outlining a direct proof of Theorem [3] Let and Q 
are two overlapping IFSs, as discussed in this paper, and let corresponding masked 
dynamical systems (see Figure [1]) have address spaces Ojf and fig , respectively. 
Here tjf : [0,1] — > Qjr is the masked section for equal to the mapping from x 
to the itinerary of x, and ttjf : rijr [0, 1] is the (continuous, onto, restriction to 
rijr of the) coding map for T. Here too, Tg : [0, 1] — )■ is the masked section for 
G, equal to the mapping from x to the itinerary of x, and 7rg : Jig — s- [0, 1] is the 
(continuous, onto, restriction to fig of the) coding map for Q. Note that ttjt = 
and ng = Tg^. 

Let TTjr : Qjr — > [0,1] and Ifg : Qg — > [0,1] be the unique continuous extensions 
of TTjF and TTg respectively to the closures of their domains. (They are the same as 
the restrictions of the original coding maps (that act on I°°) to the closures of the 
respective masked address spaces.) 

Theorem 3. Let fljr = fig. Then ngTjr : [0, 1] — > [0, 1] is a homeomorphism. (Its 
inverse is -KjrTg.) 

Proof. Let Q, = Qjr = fig. Consider the mapping TTgTjrjfjr -. fl — s> [0,1]. It is 
observed that Tj^Jfj^a = a for all tr G O so irgrj^Tfj^a = irga is continuous at all 
points a G fl.ln fact, since ng is uniformly continuous it follows that (7rgT7^7fjF)|n : 
57 [0, 1] is uniformly continuous. Hence it has a unique continuous extension to 
fl, namely Jfg. 

We want to show that this continuous extension is the same as TTgTjrWjr. This 
will show that TTgTjrnjr : fl ^ [0, 1] is continuous. 

Suppose a G Q\fl. Then, by what we know about the masked code spaces in 
question, there is a second point cr G fi such that nga = nga and nj^a = Wj^a. 
Hence we have TTgTj^TTjra = TrgTj^njrcr — irga = tt^ct, which is what we wanted to 
show. 

We conclude this first part of the proof with the conclusion that ngrj^Tfj^ : fl — s- 
[0, 1] is continuous. 
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Now use that facts that (1) TrgTjrWjr : — !■ [0, 1] is continuous and (2) Wjr : il — > 
[0, 1] is continuous to conclude, by a weh-known theorem (i.e. the one cited in the 
Monthly), that TTgTj- : [0, 1] — > [0, 1] is continuous. 

Similarly prove that ttj^tq : [0, 1] [0, 1] is continuous. Finally check that 

3.2. The special structure of the trapping region. The material in this section 
is not needed towards the proof Theorems [1] and [21 but is of independent interest 
because it concludes with Theorem 2] which connects the present work to general 
binary symbolic dynamical systems. 

Consider W : [0, 1] — > [0, 1] as at the start of Section [TJ It is readily established 
that Vl^(O) = 0, W{1) = 1, and, for any given x S (0, 1), there exists an integer K 
so that 

W''{x) e (Wi{p),Woip)] for aU k> K. 

Similarly for W+ : [0,1] [0,1] we have VF+(0) = 0, W+il) = 1, and, for any 
given X G (0, 1), there exists an integer K so that 

{W+ f{x) £ [Wi{p),Wo{p)) for ah k> K. 

We call D = [Wi{p),Wo{p)] the trapping region. It is readily checked that both 
W\d ■ D ^ D and H^"*"!!? : D ^ D are topologically transitive, and both are 
sensitively dependent on initial conditions. 

The sets D and fl can be described in terms of t{D). There is some redundancy 
among the statements in Proposition |4l but all are informative. We define Si : 
joo _^ joo Si{aoaia2.:) = i(TQaia2-.{i = 0, 1). 

Proposition 4 ([1 ). Let t{p) = a and T^{p) — /?. 

(i) t{D) ^ t{D)Ut+{D); 

(ii) SiT{D)) ^ t{D), S{t+{D)) = T+{D), and SiV{D)) = V(p); 
('mj a = 01a2Q!3---; /3 = 10/32^3---; 

(iv) both S''{a) e [0,a] U [l3,l] and S'^i/S) e [0, a] U [/3,T] for all fc e N; 

(v) t{D) = n F''{[S {(3) , S (a)]) where F : H(/°°) ^ H(/°°) is defined by 

F(A) = so{[S^{l3),S{a)] n A) U si([5(/3), S^{a)] D A); 



(vi) t{D) - n F^{[S{P).a] U [l3,S{a)]); 

k=0 

(vii) Ti= {auj-.a e {0}'' U {1}'', k = N.cj e t{D)}. 

Proof. These statements are all direct consequences of [1, Proposition 3] and the 
fact that the orbits of a and /? under S'|q : ^ must actually remain in 
t{D), the closure of the set of addresses of the points in the trapping region. Of 
particular importance are (v) , (vi) and (vii) which taken together provide a detailed 
description of il. □ 

The following Theorem provides characterizing information about all shift in- 
variant subspaces of I°° . This is remarkable: it implies, for example if Sa >- S^a >- 
l3 >~ a >- >- S/3 then the overarching set contains a trapping region, and submits 
to the description in (v), (vi) and (vii). 
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Theorem 4. Let ^ C be shift foward invariant, and let the following quantities 
be well defined: 

P = inf{cr e S : do = 1}, 
a — supjcr e S : (Jo = 0}. 

If Sa >- /3 and a >- Sl3 (the cases where one or other of these two conditions does 
not hold are very simple and readily analyzed), then 'E. d Q where Q is defined by 
Proposition^ (v) and (vii). In particular, if Sa >- S^a >~ j3 >~ a >- 5*^/3 >~ SP 
then the orbits of all points, except and 1 end up, after finitely many steps, in the 
associated trapping region defined in Proposition^ (vi). 

Proof. Begin by noting that, by definition of a and /? we must liave S C [0, a]U[/3, 1]. 
Since 5*2 = S we must liave S^a G [0, a] U [/3,T] for all fc e N, for all cr G S. In 
particular, both S^{a) € [0, a] U [/3,T] and S^{I3) e [0,a] U [P,T] for ah fc e N. 
The result now follows by taking inverse limits as in the first part of the proof of 
Proposition 3 in [1 . □ 

Example 1. It is well known that any dynamical system f : X X can be 
represented coarsely, by choosing as subset O G X and defining itineraries Uk — 
if f^{x) G O, = 1 otherwise. The resulting set of itineraries is foward shift 
invariant, so Theorem applies. In many cases one can impose conditions on 
the original dynamical system, such as a topology on X and continuity, to cause 
Theorem^ to yield much stronger conclusions, such as Sharkovskii's Theorem, and 
results of Milnor- Thurston. But even as it stands, the theorem is very powerful, as 
the following simple example, which I have not been able to find in the literature, 
demonstrates. Note that it is a kind of min/max theorem. 

Example 2. Let f : {1,2,3,...} — > {1,2,3,...} 3x^x + lbea dynamical 
system. Let O C {1,2,3,...} be the set of integers that are not primes, O = 
{1,4,6,8,9,10,....}. Let {/"■(a;)}^^o denote the orbit of x and let t[x) = a e I°° 
denote the corresponding symbolic orbit defined by ak = if f''{x) £ O, = 1 oth- 
erwise. Let 51 = t({1, 2, 3, ...}). Then Sn G so we can apply Theorem^ We 
readily find that a = 011010100... and /3 = 1000.... It follows that 

7r^(a) = (l-z) z^-'^ and-K^iP) ^ {I- z) 

P — Prime 

whence the corresponding piecewise linear dynamical system is L with slope 1/z and 
p = {1 — z) where z is the positive solution of 

z= Z-. 

P — Prime 

It is readily verified, with the help of Theorem 1 that the dynamical system L = 
I^i=i/z.p={i~z) has this property: for all n = 0, 1, 2, ...we have i"(l — z) > (1 — z) 
iff n + 1 is prime. 

Examples. This result also holds numerically, approximately: using Maple we find 
that the solution to ^ z^ = z is approximately z = 0.55785866. Then, 

P=Prime.P<29 

setting L — Lj^ijz,p=(i-z), we find numerically that for n< 19, L"(l— z) G (1— z, 1] 
iff ji + 1 is prime. 
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3.3. Afflne systems. Here we consider the case where W is piecewise afRne and, 
in particular, of the form of L, on the right in Figure [TJ Let 

< a, < 1, 1 < a + &, 

T = T{a,b) = ([0,1] cM;/i(j:) =ax,f2{x) =bx + {l-b)). 

The attractor oi F \s A = [0, 1] C M, and the coding map is tt : I°° — ^ [0, 1]. Define 
a one parameter family of masks 

{Mp :0<l-6</9<a<l} 

for J- by Afo — [O,/?], A/i = (p, 1]. The corresponding masked dynamical system is 

W■\n^]^\Vi^] r^i a^/a if a; e [0,p], 

W . [U, IJ ^ [U, IJ, x I ^ _ ^^^^ otherwise. 

The set of allowed parameters (a, 6, p) is defined by the simplex 

V ={(a, 6, p) e : < a, 6 < 1, 1 < a + 6, 1 - 6 < p < a}. 

We either suppress or reference (a, 6, p) e 7-" depending on the context. The section 
is T = r(a, 6, p), the address space is f2 = il{a,b,p) — T{a,b, p){[0,l]) — t([0,1]), 
and the masked dynamical system is W = W{a,b,p). We will denote the coding 
map for J- {a, b) by iTa.b ■ I°° — > [0, 1]. In the case where a = 6 = <; we will write 
this coding map as tt,; : /°° — > [0, 1]. 

The affine case is the key to Theorem 1, because we can write down explicitly 
the mapping 7ra,& using the following explicit formulas: 

f^{x) = a^-'b'x + i{l -b) {i = 0, 1) 

UifM) = a^-'^'^h'^^a^-^^b'^'x + {aia'-^ob'^' + ao)(l - b) 
= a2-^o-<Ti^^o+^i2; + {a^-'^'>b''«ai + cto)(1 - b) 
UiUdfM)) = a3-.o-ai-^2^^o+^i+^2 + (a'-''°~^'b''"+^'<72 + a'-^%''«ai + ao){l ~ b), 
and so on.... 

We deduce 

oo 

TTa,b{<^) = {1 - b)'^a''-''''-''^--'"'-'b'">+'''+-'"'-'crk. 

k=0 

Clearly, for each fixed a G I°° , T'a,b{<7) is analytic in (a, 6) G with \a\ < 1 and 
\b\ < 1. Also, since 



fc=i 



^ ^ ^fc— <T0— O'l— ...<Tfe-i^o-o+cri + ...<Tfc_i^^ 
/c=0 

we have that 

|7r(cr)(a, fe)| < (1 - max{a, 6})"\l - b) 

It follows that 



< (max{a, b})'' Ok 



fc 

fc=0 
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Let a e /°° be fixed for now, and let G C with < 1. We liave 

oo 



fe=0 



fe=0 



Hence i^t^ip^ is analytic for |<^| < 1 and can be continued to a continuous function 
on l^^l < 1. In particular 7ri(cr) is well defined, finite and real. 

4. Proof of Theorem [T] 

Lemma 1. If a,uj £ with a < uj then there is Q £ 1^ for some k €N such that 
both 9a and 9(3 belong to U, and 

a ^9a -< 9/3 ^Lj. 

Proof. Let cr, w G with a ~< uj. Then there is n G N such that a\n — w|„, 
(T„ = 0,cj„ = 1. It follow that S'V ^ a -< /? ^ ^"a; whence, setting 9 = a\n we 
have the stated result. Since SjS a < (3 ^ Sa, ii follows from Jj Proposition 3] 
that 9a en,9l3 en+, and both 9a and 9/3 eU. □ 

Lemma 2. // there is j € (1/3, 1) such that 7 = inf{C G (0, 1) : TT^a ~ tt^/S}, and 
if <; < (7,0; G and a ^ u, then 'k^{<t) < Tr^{uj) and Tr-y{(7) < 7r-y(a;). // there is 
no such 7 G (1/3, 1), then ct, w G 51 and a ^ lu, imply 7r^((7) < 71^(1^) for all q < 1. 

Proof. Suppose that is 7 G (1/3, 1) such that 7 = inf{C G (0, 1) : n^a — tt^;/?}. Let 

if = inf{^ G (0, 1) : 3(7, w G fi, (7o = 0,wo = I7 s.t. tt^{(t) ~ tt^(oj)}. 

Using continuity of tt^ct in and a, and compactness of f2 it follows that there is 
(7, a; G il, with ao =0,ujo — 1: such that 

Suppose <f < 7. So, for brevity we will assume that both a ^ a and /3 ^ w; it will 
be seen that the other two possibilities can be handled similarly. We have that 

7I'i/3(ct) < 7ri/3(a) < 7ri/3(^) < 7ri/3(w) 

because 7r]^/3 is order preserving. We also have, 

7r^(a) < 7r5(/3) for all 

Hence, by the intermediate value theorem, since ii^{u) = 7rf(a;), there is ^ ^ <; 
such that either 7rj((7) = T^iici) with cr 7^ a or 7r^(/3) = 7r^(w) with (3 ^ uj. That 
is, either the graph of 7r^(i7), as a function of ^, intersects the graph of 7r^(Q!) at 
some point ^ < <f or the graph of 7r^(/3) intersects the graph of 7r^(w) at some point 
^ < <f. Suppose that 7r^(cr) — 7r^(a) with a ^ a. Let k be the least integer such that 
7r{((7) = 7r^(a) with (5''' (7)0 7^ {S^a)^ and let {cf,Cj} = {S'^a,S'^a} where ctq = 
and ujQ = 1. Then we note that 7r^(i7) = 7r^(ck) implies 7r^(o') = 7rj(w),with ctq = 
and Wo = 1. Hence ^ > <f which is a contradiction. Similarly we show that it cannot 
occur that 7r^(/3) = T^ii^) with ^ ^ uj. We conclude that <f = 7. 

Hence if <j < 7, cr, w G fl and cr -< w, then we cannot have 7r^((7) = 7r5(w). (For 
if so, then, similarly to above, let k be the least integer such that 7rj((7) = 7r^(iw) 
with (5''^f7)o 7^ (5''^w)o and set {f7,a)} = {S^a^S^iX)} where ctq = and = 1; 
then 7r5(i7) — 1^^(10) would imply 7r^((7) = 7r5(ci;),with ctq = and wq = !■) Since 
7ri/3((7) < 7ri/3(w) we conclude (again appealing to the intermediate value theorem) 
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that 7r<;((T) < 7r^(w) for all <j < 7 and 7r-y(CT) < 7r^(w). This completes the proof of 
the first part of the lemma. 

Now suppose that there is no 7 G (1/3, 1) such that 7 = inf{C G (0, 1) : Tr^a = 
7r^/3}. Then, if cr,cj 6 and a < uj, the fact that Tri/3{cr) < 7rx/3(w) and the 
continuity of both TT^{a) and T^t^iuj) in <j, for all <; < 1, imply 7r<;(cr) < T^c;{io) for all 

< 1. □ 

The following lemma sharpens the first sentence in Lemma [5J (Recall our nota- 
tion 0^ = ^o^^i-^fc-i.) 

Lemma 3. // there is ^ ^ (1/3,1) such that 7 ~ inf{C G (0,1) : tt^o; = 7r<;/3}, 
(T, w G O anrf (7 w, i/ien 7r-y((T) < 7r-y(a;). 

Proof. Let cr, w G 17 and a -< Then we can find 9 £ such that a ^ 9 ^ uj. It 
follow from 1, (3)] and Proposition |4] we can find k such that cr|fc ^ 9\k ^ w|fe and 
either {6\k0(3,9\ka} C or {0|fc/3, 0|fcla} C il. (This expresses the fact that the 
sup and inf of each of the cylinder sets 



) :^ {r; G O : ?7|fc = 0|fc} 



must belong to the inverse images of the critical point, together with and 1, see [TJ 
(3)]. By taking k sufficiently large the possibilities or 1 are ruled out by density 
of the set of all inverse images of the critical point, see [U (4)].) 
If 9k9k+i = 01 then 9\k0l3 G n, 9\ka G ft, and 

cr -< 9\k0/3 -< 9\ka -< uj; 

and if 9k9k+i = 10 then 9\kl3 G H, 9\kla G fi, and 

a -< 9\kl3 -< 9\kla -< uj. 

Suppose 9k9k+i =01. It follows using Lemma [2] that 

■K^a < T:-y9\kOP and 7r^0|fcQ! < tTjUj. 



Now observe that 



= 7''(1 - ^)n^a > 0. 



It follows that 



A similar calculation deals with the case 9k9k+i =01. The possibility that there is 
no k such that 9k9k+i G {01, 10} can be dealt with by related arguments. □ 

Lemma 4. Let <f G (0, 1] be maximal such that ir^a < tt^/? for all <; G (0, <;). Then 
{ti,t+p~^,tp) < (1-0/(1 + ?) 

for all <j -< <f . 

Proof. Note the identity, for any a G and any <j G (0, 1), 

TT^cr = (1 - ?)cro + ^tt^S'ct. 
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Note too, by a simple calculation, r+p -< Srp (i.e. /? -< So) and St^ p ^ rp (i.e. 
SP -< a). Hence, if <; G (0,<f), then by Lenima[2l 

■n^Tp = (1 - ^){tp)o + c^TT^Srp > (1 - <r)(T/?)o + ^7r<;r+p, 

TT^r+z? = (1 - (;)(t+p)o + ^TT^S'r+p < (1 - <r)(r+p)o + ^Tr^rp, 

whence, subtracting the first equation from the second, we get 

7r,-T+p - TT^rp < (1 - <r)(r+p)o + <r7r,-Tp - (f - <r)(rp)o - ^Tr^r+p 

= (1 - ';){{t+p)o - (rp)o) - ^(Tr.T+p - Tr^^rp) 

which implies 

(7r,T+p - 7r,rp)(l + < (1 - 0((^+P)o - {tp)o) 

whence 

(7r,r+p - ^,Tp) < (l-^)/(l + 0. 

□ 

It follows that either there exists 7 as described in Theorem [T] with 7 < 1 , or 
else 'Kt;T^ p < TT^Tp for all <j < 1 and \imt;^i{Tr^T~^ p — ir^rp) = 0. 

Later we will show that the second option implies that the system must have 
zero entropy, which is impossible, so the second option here cannot occur. But first 
we explain why, in the first case. Theorem [1] is implied. 

Lemma 5. Let there exist 7 as described in Theorem]^ and let 7 < 1. Let p = 
t(p)(7)(= TTja) as in the statement of Theorem]^ Then the address space of 
L^^p : [0, 1] [0, 1] equals Vl. 

Proof. The address space of L^.p is uniquely determined by the two itineraries of 
p = n^rp. By direct calculation it is verified that these addresses must be a = rp 
and /? = r+p. Simply apply L-y^p to n-yTp and Lj^p to ir-yT^p, and with the aid 
of Lemma [21 validate that the addresses of these two points, Tr^rp and 7r^r+p 
are indeed rp and r+p. (The assertion cr -< a; ^ ''^-li'^) < T^-yi^)! assured 
by Lemma [3l implies that at each iterative step, in the computation of 
TTyTp, the current point lies in the domain of the appropriate branch of 
Ljp.) D 

Lemma 6. Let there exist 7 as described in Theorem]^ and let 7 < 1. Then 
Theorem{J\ holds. 

Proof. This follows from Lemma [5] together with Proposition [3] parts (iii) and (iv). 
(Equivalently it follows from Corollary [TJ I think I have in effect duplicated the 
intended proof of Corollary [T] ) □ 

Lemma 7. The equations 

Tip)h) = T{p+){-f), with T(p)(cr) < t(p+)(^) for G [0.5, 7), 
possess a unique solution 7 < 1. 

Proof. If -K^T^ p < TTqTp for all < 1 and limt;^^i (tt^jT+p — ir^rp) = then by 
(similar argument to the one in LemmE[4]) that x implies nt^rx < ttc^ti/ for all < 1. 
It follows that 7r^r([0, 1]) is an invariant subset of the dynamical system Lp^^ for all 
<j < 1, whence the topological entropy of W is less than log 1/A which is impossible 
because W has slope larger than or equal to 1/A.) □ 
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Theorem [T] follows from Lemmas [6] and [T] 

5. Proof of Theorem [2] 

This is straightfoward. 
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